
Title: Confronting the possibility of catastrophe: Identification, characterization, and simulation
of mortality shocks via Hidden Markov Lee-Carter models

Authors: Jonas Schöley1

Affiliations:
1 Max Planck Institute for Demographic Research; Rostock, Germany

Corresponding authors:
Jonas Schöley schoeley@demogr.mpg.de

Keywords: excess deaths; mortality shocks; Lee-Carter; forecasting; time-series; outlier detection

Abstract: I demonstrate a hidden Markov extension to the Lee-Carter model which allows for the
analysis of past mortality shocks and their consideration in forecasts of future mortality. The model
is capable of automatically and probabilistically identifying past periods of crisis mortality, and
characterises these crisis via parameters of substantial demographic interest: the crisis age profile,
the annual probability of entering or exiting a crisis, the historical distribution of crisis magnitudes,
and excess mortality over the Lexis surface. Simultaneously, a normal mortality process, purged
of crises, is estimated. The model naturally allows for stochastic forecasts of age specific mortality
with the possibility of crises. Crises parameters are fully probabilistic and reflect estimation
uncertainty. Alternatively, for scenario based forecasts, the parameters can be pre-specified.
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Introduction

Optimism is prevalent in the field of mortality forecasting as evident from the customary treatment
of period shocks as outliers to be purged from the training data and ignored in the forecast.
However, the COVID-19 pandemic and the resurgence of violent inter-state conflict has been
a forceful reminder that the future is not “normal”, but holds the real potential for substantial
deviations from stability. This paper concerns the modeling and stochastic forecasting of such rare
and stark deviations – of mortality shocks – within the framework of a Hidden-MArkov-Lee-Carter
(HIMALC) model.
The central idea of the HIMALC model is to separate the time evolution of death rates into
crisis and non-crisis components. While the classical Lee-Carter drifted random walk remains the
description for mortality dynamics during “normal” times, it is augmented by a separate process
which produces mortality shocks during crises periods. A hidden Markov chain distinguishes
between crisis and non-crisis periods.
As an analytical and predictive tool, a shock extension to the Lee-Carter model should ideally
allow for the separation of the Lexis surface into regular mortality and excess mortality; allow for
the automatic identification of past crisis periods wrt. timing, magnitude, length, significance, and
crisis mortality age profile; and allow for stochastic forecasts of both future age specific mortality
both with and without shocks. This work builds on past research on shock extensions to the
Lee-Carter model, combining ideas to specify a model which meets the wish-list outlined above
(see Table 1).

Table 1: Comparison of approaches for dealing with mortality shocks in Lee-Carter models.

Estimate shock Forecast

Non-
shock
Lexis

Excess
Lexis

Timing Magnitude Length Probability Age-
profile

with
shocks

without
shocks

Shock removal + - - - - - - - +
Shock indicator + + - + - + - + +
Heavy tailed - - - - - + - + -
Vanishing jumps + + + + - + + + +
HIMALC + + + + + + + + +

The most basic and widely used way to deal with crisis periods in a Lee-Carter framework is
to manually remove them from the fitting data, either year by year, or by only selecting time
intervals assumed free of wars and pandemics. This, in effect, conditions the estimated Lee-
Carter parameters to reflect mortality conditions during non-crisis periods allowing for forecasts
of “normal” mortality. No inference about mortality shocks is done – as far as the fitting data is
concerned, they don’t exist.
Similar in effect to exclusion, is the manual marking of crisis years with dummy coefficients
[9]. This procedure still requires the manual identification of crisis periods, but the estimated
coefficients allow inference about the shock magnitudes and significance. In principle, a separation
of the fitted Lexis surface into normal and crisis mortality is possible as well. Forecasts with shocks
can only be performed in an ad-hock fashion, e.g. by stochastic re-sampling of the shock in the
forecast with the same annual probability as manually identified in the data [8].
Based on the realization that mortality shocks are non-normal and thus violate the assumption of
the random-walk with drift for the mortality index, various proposals have been made to use heavy
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tailed distributions for the evolution of the mortality level over time [11, 5, 6]. While the heavy
tailed approach allows for drastic jumps in the mortality index it misses two important features of
mortality shocks: shocks have a different age pattern from normal mortality and shocks are serially
correlated with returns to normal regimes.
Jump processes allow for the time evolution of mortality to exhibit stochastic discontinuities
[3, 10, 4]. If the jumps are assumed to be independent, reversals to normal mortality after a shock
must be specified in a separate process, e.g. via a drift intensity which depends on the deviation
from a target mortality level [3], via a jump effect which exponentially vanishes over time [4]. By
specifying a two-state {normal, crisis} hidden Markov model for the shocks, crisis entry and exit
are embedded within the same process, with explicit probabilities for entry and exit, which allows
for the straightforward simulation crises of varying length. I follow Liu and Li [10] in allowing for
mortality shocks to have an age profile distinct from changes in mortality during normal periods.
The HIMALC model is closely related to the “Switching Regime” extension to the Lee-Carter
model [7]. Hainaut [7] demonstrated a two state hidden Markov chain with age interaction but did
not apply the model to mortality shocks, instead focusing on the identification of varying mortality
improvement regimes.

Model specification

I express the HIMALC model within a Bayesian hierarchical model framework where a age-period
surface of death counts, 𝐷𝑥,𝑡 , over single ages 𝑥 and years 𝑡 is generated by

𝐷𝑥,𝑡 ∼ NegativeBinomial(𝜆𝑥,𝑡𝐸𝑥,𝑡 , 𝜙),

where 𝜆𝑥,𝑡 are age and time specific death rates and 𝐸𝑥,𝑡 the corresponding person-years of exposure.
The 𝜙 parameter controls the degree of overdispersion. In the classical Lee-Carter model death
rates are expressed as 𝜆𝑥,𝑡 = exp(𝛼𝑥 + 𝛽𝑥𝜅𝑡), where the an overall age effect 𝛼𝑥 is augmented by
the age-time interaction 𝛽𝑥𝜅𝑡 , with 𝜅𝑡 being a time-index of mortality, and 𝛽𝑥 indicating the age
specific sensitivity of mortality to period changes.
We augment the classical Lee-Carter specification by the shock-component 𝛾𝑥𝜂𝑡 , yielding

𝜆𝑥,𝑡 = exp(𝛼𝑥 + 𝛽𝑥𝜅𝑡 + 𝛾𝑥𝜂𝑡).

The shock-index 𝜂𝑡 allows for a proportional shift in the overall mortality profile at time 𝑡 by factor
exp(𝜂𝑡), distributed over ages via the shock-profile 𝛾𝑥 .
Crucially, 𝜂𝑡 is the realization of a Hidden Markov process

𝜂𝑡 = 𝑍𝑡𝑈𝑡 ,

with 𝑍𝑡 a random variable over the binary state space 𝑆 = {crisis(1), noncrisis(0)} and𝑈 a random
variable indicating the magnitude of the shock. We specify

𝑍𝑡 ∼ Bernoulli(𝑝𝑡),

with the crisis probability 𝑝𝑡 linked to the Markov-Chain transition probabilities via

𝑝𝑡 = 𝑧𝑡−1𝜃1−→1 + (1 − 𝑧𝑡−1)𝜃0−→1.
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Thus, HIMALC model estimates the probability of the next year being a crisis, given no current
crisis, 𝜃0−→1, and conversely, the probability of remaining in an existing crisis, 𝜃1−→1.
I model the distribution of mortality shocks as

𝑈𝑡 ∼ Gamma(𝑎, 𝑏).

The requirement of every mortality shock increasing death rates is fulfilled by the strictly positive
support of the Gamma distribution.
The Lee-Carter specification is completed by expressing the time-evolution of mortality under
non-crisis conditions as a random walk with drift

𝜅𝑡 = 𝛿 + 𝜅𝑡−1 + 𝜖𝑡 , and 𝜖𝑡 ∼ Normal(0, 𝜎2).

Model demonstration

I fit the HIMALC model to HMD data for England & Wales [2] using Markov Chain Monte Carlo
via the PyMC framework for Bayesian inference [1]. A proper prior setup is crucial and will be
explained in the full draft.
Figure 1 shows the model estimates. Panel A exhibits the Lexis surface of mortality rates as
predicted from the model (not to be confused with the fitting data). The predicted surface clearly
features the 1918/19 Spanish flu and the conflict related deaths of both world wars. These crises
were not manually coded into the model – they have been identified by the hidden Markov process
as crises periods. Panel B shows the surface of mortality shocks by period and age in terms of
excess rate ratios. These are estimated as part of the model fitting via the product exp(𝛾𝑥𝜂𝑡).
During the intersection of the 1918 influenza pandemic with the fighting of World War 1, mortality
rates among young men were up to 17 times elevated from the normal levels. The joint dynamics
of the normal mortality index 𝑘𝑡 and the shock mortality index 𝜂𝑡 can be seen in panel C. Mortality
shocks are visible in 𝜂𝑡 whereas the Lee-Carter random walk shows no signs of shocks and is on a
downward trajectory throughout the training period. The distribution of shocks is plotted in panel
D. This distribution allows for probabilistic statements on the magnitude and frequency of shocks.
Panel E shows the estimated age profile of the mortality shocks, which is concentrated on ages
below 50 peaking at age 25. This pattern is typical for excess deaths during both world wars. An
extension of the model will alow for the age profile to vary for different types of crises.
While panels A to E show the potential of the HIMALC model for analysis of mortality crises,
panel F shows stochastic life expectancy forecasts, which reproduce the magnitude, age pattern and
relative frequency of mortality shocks identified in the fitting data.
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Figure 1: Hidden Markov Lee-Carter Model estimates for male mortality in England and Wales
(Data: HMD).

Outlook

For proof-of-concept and model development purposes I focus on male mortality in England &
Wales 1871–2000. The final model will be fit to data until the present, covering the COVID-19
period, and distinguish between different crisis age profiles.
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